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Introduction

Learning Outcomes

@ Represent complex numbers in an Argand diagram.

@ Express complex numbers in rectangular/Cartesian and polar
form, and convert between these.

Note: Make sure your calculator is set to radians, not degrees!
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Introduction

Argand Diagrams

Complex numbers written in the form
z=x+jy
are said to be in rectangular form (also called Cartesian form).

In this form we can represent a complex number graphically using
the co-ordinate (x, y) in an Argand diagram, where the x-axis is
the Real part and the y-axis represents the Imaginary part.
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Introduction

Argand Diagrams

Plotting z1 =2 — j3 and zo = —1 + j5 in an Argand diagram:

Im(z)
Zy A

5

> Re(z)
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Introduction

Modulus and Argument

The Argand diagram suggests an alternative way of representing
complex numbers.

Instead of using the co-ordinates (x, y) to fix the position of the
end of a line in the Argand diagram, we could define the line's
position using the modulus r (length of the line) and the argument
6 (angle relative to the positive real axis).
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Introduction

Polar Form

Given a complex number, z = x + jy, where both x,y > 0:

lm(z) We can calculate the modulus using
A Pythagoras:

r=/x?+y?

and the argument can be calculated
using trigonometry:

y

> Re(2) 0=tan (%)
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Introduction

Polar Form

So, if

zZ=Xx+Jjy

is a complex number written in Cartesian form, then

Polar form:
z=rcosf + jrsinf
where r is the modulus and @ is the argument

is the same complex number, but written in polar form. The
shorthand form for this is:

z=1r/0
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Introduction

Measuring the Argument

If z is not in the first quadrant, we need to do more to find the
argument, as it is measured anti-clockwise from the positive real
axis. By convention, it should be in the range —m < 6 < +m:

h

0°to 180°

or0tom

(1N

or0te—m
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Introduction

Measuring the Argument - an example:

Using right angle trig. we initially

Consider:
_ determine the angle « by:
z=-6—,3
a = tan! M = tan! §
" x 6
= 0.464
=6 ¢
= -5 i :
: :: (ok&—%mamene But this is not the argument, rather:
i 0=m—«a=2678
F AR -3
and finally as it is rotating the

“ " th tis:
This complex number is in the Wrong: way, the argument 15
third quadrant. Arg(z) = —0 = —2.678
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Introduction

Measuring the Argument

An alternative approach is to always calculate 6 according to:

and then:

o If the complex number lies in quadrant Il on the Argand
diagram, then we add 180° or 7 to the result.

o If the complex number lies in quadrant Ill on the Argand
diagram, then subtract 180° or 7 from the result.

You may use this rule if preferred. Applying to the previous
example:

6) —7m=—-2.678

Arg(z) = tan™? (
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Introduction

Examples 1

Express the following complex numbers in polar form:
1) z=3+,7

2) z=-4+4,3
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Introduction

Examples 1 - Solutions

Modulus:
/

3 r r = 32472

S O SN
}T = 7.616
7
] Argument:
|

§ i,
——=—>535 '* 0 =tan* <;) = 1.166

Hence,

z=7.616/1.166
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Introduction

Examples 1 - Solutions

2)
Modulus:
r = /32442
Z_______.7 = V25
T =
! =5
3[
J/'l Arau"\en£ Argument:
:n o % \‘x 1 3
4 —4—> & o = tan 2 = 0.644
0 =m—0.644 = 2.4908
Hence, z = 5/2.498
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Introduction

Converting to Rectangular Form

Given a complex number written in polar form:

z=rcosf + jrsinf

We are easily able to convert to rectangular form (by using
trigonometry) by using the formulae:

x=rcosf) and y=rsinf

Note that in this case in does not matter which quadrant the
complex number lies in.
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Introduction

Examples 2

Express the following complex numbers in rectangular form:
1) z=8«21

2) z=53/-3
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Introduction

Examples 2 - Solutions

x =8cos(2.1) = —4.039 and y =8sin(2.1) =6.906

. z=—4.039 + 6.906

2)
x =5.3cos(—3) = —5.247 and y =5.3sin(—3) = —0.748

. z=—5247—j0.748
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Introduction

Polar Form Arithmetic

Polar form can be useful since multiplications and division in polar
form are much easier; as shown by the formulae:

Z120 = r1r24(61 + 92)
and

41 rn
==/, -6
22 rn (1 2)

where
zZ1 = r1401 and Zy = I’QZQQ
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Introduction

Examples 3

Given that z; = 5.342.1 and z, = 2.7/ — 0.3, determine:

1) zin
z1
2 t
) -
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Introduction

Examples 3 - Solutions

721zp = (53x27)£(2.1+(-0.3))

= 14.31/1.8

a _ (Z:i)z(z.l ~(-03))

22

= 1.96342.4
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